Motivated by recent experiments on interacting bosons in quasi-one-dimensional optical lattice [Nature 573, 385 (2019)] we analyse theoretically properties of the system in the crossover between delocalized and localized regimes. We consider both uniform and density wave like initial states and compare their time dynamics. We define a new observable, the mean speed of transport at long times. It gives us an efficient estimate of the critical disorder for the crossover. In effect we show that a mobility edge present in the system is directly measurable in the experiment.
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Many-body localization (MBL) despite numerous efforts of the last 15 years (for some reviews see [1] [2] [3] [4] ) is still a phenomenon not fully understood. Recently even its very existence in the thermodynamic limit has been questioned [5] which created a vivid debate [6] [7] [8] . It seems that, as suggested by [8] , present day computer resources prevent us from drawing a definite conclusion on this point. The issue may be addressed in experiments via quantum simulator approach [9] although the required precision may be also prohibitive.
The experimental studies of MBL are much less numerous. Early work [10] provided indications of MBL in a large fermionic system in an optical lattice. Subsequent studies clearly showing the lack of thermalization and a memory of the initial configuration in time evolution were reported for interacting fermions in quasiperiodic disorder in optical quasi-one-dimensional (1D) lattice [11] . Subsequent experiments also considered rather large systems with either fermions [12] or bosons [13] (the latter in two dimensions). Only recently quite small systems attracted experimental attention first for interacting photons [14] where even attempt at level spacing statistics measurement was made as well as for bosonic atoms where logarithmic spreading of entanglement was observed [15] as well as long-range correlations analysed [16] .
On the theory side bosonic system were not the prime choice for the analysis for a simple reason. While for spin-1/2 (or spinless fermion) the local Hilbert space dimension is two, twice that for spinful fermions, for bosons the strict limit is set by a total number of particles in the system. This severely limits the number of sites that can be included in any simulation performed within exact diagonalization-type studies. In effect only few papers addressed MBL with bosons. By far the most notable is a courageous attempt to treat bosonic system in two dimensions by approximate tensor network approach [17] (still restricting the model to maximally double occupations of sites). Earlier treatment [18] considered both small and large systems in 1D revealing the existence of the so called reverse mobility edge in the energy spectra. With assumed 3/2 filling of the system it has been shown FIG. 1. Level spacing statistics as a function of the energy for U = 1 (left) and U = 2.87 right, for a system of 8 bosons on 8 lattice sites. Observe that for the higher U case, high energy states are localized at lower disorder amplitudes revealing the inverted mobility edge. Red and yellow lines represent the energy of the uniform initial state (with unit occupation of all sites) and the density wave with even states being doubly occupied while odd states being empty. Observe that for larger U the transition to localized situation as revealed bȳ r statistics depends strongly on the initial state energy, the density wave initial state should localize more easily.
that higher lying in energy states are localized for lower amplitude of the disorder for sufficiently strong interactions. Very recently the same system was discussed also at half-filling [19] confirming the existence of the mobility edge. Let us mention for completeness also works on MBL of bosons with random interactions [20, 21] instead of a random on-site potential.
In these works the basic effective tight-binding model describing the physics is defined by 1D Bose-Hubbard Hamiltonian:
We assume uniform interactions U across the lattice while the on-site energies (chemical potential) µ i is site dependent. While [18, 19] considered a random uniform on-site disorder, following the experiments [11, 15, 16] where, for a given realization, φ is fixed and disorder averaging corresponds to an average over uniformly distributed φ ∈ [0, 2π). It is known that the localization properties of the system strongly depend on the value of β [22, 23] , from now on we take β = π/0.809 and a unit filling following [15, 16] and work with open boundary conditions.
With the model defined we study first its spectral properties. The localization may be probed looking at the mean gap ratio [24] defined as an average of r nthe minimum of the ratio of consequtive level spacings s n = E n+1 − E n :
which is a simple, dimensionless probe of level statistics [24] with r ≈ 0.38 for Poisson statistics (PS) (corresponding to localized, integrable case) and r ≈ 0.53 for Gaussian orthogonal ensemble (GOE) of random matrices well describing statistically the ergodic case [25, 26] . Diagonalizing the model for 8 bosons on 8 sites and calculatingr as a function of the disorder amplitude W and the relative energy n = Emax−En Emax−Emin we obtain the plot represented in Fig. 1 . While for U = 1 the energy dependence ofr seems only weakly dependent on energy, for U = 2.87 a clear inverted mobility edge emerges: at the same disorder values while states of higher energies seem localized, the low lying states haver corresponding to extended states. This is in agreement with earlier studies [18, 19] at different densities.
The more qualitative analysis may be carried out with finite size scaling. To this end we consider systems with L = 7, 8, 9 and unit filling and plot r as a function of disorder for energy levels with scaled energy close to either a uniform occupation of sites, n i = 1, i = 1, ..n or density wave (DW) state |DW >≡ |2, 0, 2, 0 . The corresponding values of are determined for L = 8 (Fig. 1) . Using a standard rescaling W → (W − W c )L 1/ν we obtain the values of ν and W c shown in Fig. 2 . The difference in W c for U = 2.87 for values corresponding to a uniform and DW states is significant.
We now pose a question -can mobility edge manifest itself in experiments? Since individual levels are hardly accessible, we shall seek manifestations of the mobility edge in observables accessible to measurements [16] . In particular we shall consider the time dependence of the transport distance (for other studies of the related quantity for spin systems see [27, 28] ) defined as [16] 
the modulus of the disorder averaged (as denoted by the overbar) and site-averaged (as denoted by a subscript i) second order correlation function of density G (2) c (i, i + d) = n ini+d − n i n i+d . We consider four cases closely corresponding to those studied by the gap ratio. Namely we consider time evolution starting either from a uniform density or a DW state for two U values U = 1 and U = 2.87 (only the latter with the initial uniform density was studied in [16] ).
The time dependence of the transport distance obtained for L = 8 system is shown in Fig. 3 for different values of the disorder. Data are obtained using ex- act diagonalization approach. On the delocalized side one observes a fast almost ballistic growth followed by a saturation when the finite size of the system dominates the dynamics. Upon approaching the transition the power-law growth becomes apparent for intermediate times (as indicated by dashed lines), the corresponding power β = d ln ∆x/dt decreasing smoothly within the interval of [0,0.35] indicating a subdiffusive dynamics for both U values as well as for both initial states considered. For sufficiently large W the motion freezes with very small β. The data are averaged over 200 disorder realizations (the number similar to that in the experiment [16] ).
Let us inspect in more detail the system properties at long times (we choose to take t = 250 as in [16] ). Apart from L = 8 case, we consider also L = 10, 12 to observe the effects due to the system size. For L = 10, 12 time evolution is carried our using the standard Chebyshev technique [29, 30] . Due to a moderate number of 200 disorder realizations to minimize local fluctuations we average ∆x(t) obtained over t ∈ [220, 250] interval. Such ∆x L values are shown in Fig. 4 for different disorder values. Observe that for U = 1 (left column) the uniform (a) and the DW (c) initial state lead to similar ∆x L dependence as a function of W with a rapid drop around W = 3. When MBL sets in the transport distance reached eventually vanishes. The situation is markedly different for U = 2.87 case, the transport distance of the uniform initial state starts a significant drop for much larger values of W than those corresponding to the DW initial state. That correlates well with gap ratio statistics confirming that the transition to MBL depends on the energy of the system. The average derivative of the transport distance d∆x/dt (averaged in t ∈ [100, 250] interval) as a function of the disorder for all four cases studied. The derivative seems to indicate the transition to MBL quite clearly, again manifesting different critical disorder value for the uniform and for the DW state for U = 2.87.
This behavior manifests itself even more clearly when the time derivative of ∆x is concerned as visualized in Fig. 5 . Since ∆x shows fluctuations we find the average slope by a simple linear fit in the time interval [100,250]. The larger the system size the more pronounced are the maxima of the derivative. They coincide very well with the transition points obtained from the gap ratio analysis. On the delocalized side the derivative is small as ∆x saturates due to finite sizes considered. On the localized side the derivative practically vanishes as transport for long times is prohibited. Thus the pronounced maximum of the derivative around the transition point is a robust and aposteriori expected phenomenon. While it is important to analyse the velocity of ∆x at large times, after the initial growth, the results are robust against varying the choice of the time interval as well as the method of estimating the average velocity [31] .
While the evidence for the mobility edge apparent in Fig. 4 and Fig. 5 is quite strong, determination of ∆x requires measurements of all second order correlations. As it turns out this does not need to be the case. It is sufficient to consider on-site fluctuations F i = n 2 i − n i 2 . As shown in [16] the fluctuations are also sensitive to the localization properties of bosons. While in [16] fluctuations close to the edge of the system were considered only (using the argument [32] that those are least dependent on the system size) we consider, on the contrary, the average over two sites in the middle of the system. We take the average over two sites to be able to consider both uniform and DW cases The middle of the chain is least affected by boundary conditions and thus best represents the properties of the bulk in which we are mainly interested. Such an average of G (2) c (0) over two sites for large t (as before we average over t ∈ [220, 250] interval) we denote as g (0) and plot, as a function of the disorder strength, in Fig. 6 for our four cases studied. Observe that also this observable indicates the critical disorder value quite well by the appearance of the maximum in g (0) . Consistently with other results there is no significant difference between uniform and DW initial states for U = 1 as those states are then little separated in energy. On the other hand, for U = 2.87 the initial states differ in energy and the critical disorder strength indicated by the maximum is significantly bigger for lower lying in energy uniform initial state than for the DW initial state.
To conclude, by considering transport properties in the transition between extended and localized states in Bose-Hubbard Hamiltonian describing bosons in optical lattice with diagonal quasiperiodic disorder we have shown that observables directly accessible to the experiment [16] reveal the existence of the mobility edge in the system. The mobility edge has been convincingly shown to exits for the finite size Heisenberg chain [33] studying different spectra measures (most notably the gap ratio statistics). It has also been postulated to exist for Bose-Hubbard system with a larger density by considering different density wave states [18] . Here we show that within the realm of state of the art, current experiment [16] the mobility edge may be verified, for the first time, experimentally, via readily accessible observables. Both the global trends and values of the critical disorder obtained by us quantitatively agree across different observables taken for analysis and agree with the spectral gap ratio analysis.
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We briefly visualize here that results for the average velocity of transport at long times are very little affected by the interval of time taken for consideration as well as the method of extracting the average transport velocity.
FIG. S.1.
The mean derivative of the transport distance d∆x/dt (averaged in t ∈ [120, 200] interval) as a function of the disorder for all four cases studied. The data agree well with those of Fig. 5 in the main text despite a different time interval being taken for analysis.
For example instead of a linear fit of ∆x(t) with equal weights we may calculate the weighted linear fit in which squared deviations are weighted by a gaussian centered at the center of the interval considered with a standard deviation σ = 25. Transport velocities obtained by such a procedure for the center at t = 175 in the interval [100,250] are shown in Fig. S.1 . A comparison with Fig. 5 shows that the differences between the two figures are very small, of the order of the size of the symbols. 
